In this paper we investigate the relationship between the existence of parallel semiRiemannian metrics of a connection and the reducibility of the associated holonomy group. The question as to whether the holonomy group necessarily reduces in the presence of a specified number of independent parallel semi-Riemannian metrics is completely determined by the the signature of the metrics and the dimension d of the manifold, when d / 4. In particular, the existence of two independent, parallel semi-Riemannian metrics, one of which having signature (p, q) with p / q, implies the holonomy group is reducible. The (p,p) cases, however, may allow for more than one parallel metric and yet an irreducible holonomy group: for n = 2m, m ^ 3, there exist connections on R n with irreducible infinitesimal holonomy and which have two independent, parallel metrics of signature (m,m). The case of four-dimensional manifolds, however, depends on the topology of the manifold in question: the presence of three parallel metrics always implies reducibility but reducibility in the case of two metrics of signature (2,2) is guaranteed only for simply connected manifolds. The main theorem in the paper is the construction of a topologically non-trivial four-dimensional manifold with a connection that admits two independent metrics of signature (2,2) and yet has irreducible holonomy. We provide a complete solution to the general problem.
INTRODUCTION
This paper investigates the relationship between two fundamental types of objects associated with a connection on a manifold: the existence of parallel semi-Riemannian metrics and the associated holonomy group. Typically in Riemannian geometry a metric is specified, which determines a Levi-Civita connection. Here we consider the connection as more fundamental and allow for the possibility of several parallel metrics. Holonomy is an old geometric concept, which is enjoying revived interest in certain branches of mathematical physics, in particular loop quantum gravity and Calabi-Yau manifolds in string theory. It measures, in group theoretic terms the connection's deviation from flatness and takes the topology of the manifold into account.
It is well known that for a Riemannian manifold, the reducibility of the holonomy group of the Levi-Civita connection implies the existence of multiple independent parallel Riemannian metrics on the manifold [5] . In this paper we look at the converse: when does the existence of multiple independent semi-Riemannian metrics on a manifold, parallel with respect to a linear connection, imply the reducibility of the holonomy group of the connection? We do not necessarily assume that the connection is symmetric in our solutions to this problem. If g is a semi-Riemannian metric on M, which is parallel with respect to the connection V, then the holonomy group $(i), at i e M, preserves 9-^*(p) -9> f°r a U V 1 G \P(x). Thus the existence of parallel metrics places algebraic restrictions on \P(x); these restrictions will be the subject of our investigations. For manifolds of dimension d / 4 the problem has a purely algebraic solution. For fourdimensional manifolds the relationship of the parallel metrics of the connection to the reducibility of the holonomy group is not entirely algebraic but depends also on the fundamental group of the manifold: the presence of three parallel metrics always implies reducibility but reducibility in the case of two metrics of signature (2,2) is guaranteed only for simply connected manifolds. The central theorem in this paper is the construction of a topologically non-trivial four-dimensional manifold with a connection that admits two independent parallel metrics of signature (2, 2 ) and yet has irreducible holonomy. d = 4 is the critical dimension with respect to reducibility of the holonomy group.
It is interesting to note that d = 4 appears as the critical dimension in other contexts as well. In quantum field theory, for instance, infinite divergences appear in the calculation of scattering amplitudes as the dimension of spacetime approaches four. Also, it has been shown that R 4 has the remarkable property of admitting exotic differentiable structures [1, 2] . In superstring theory spacetime is ten or eleven dimensional but only four dimensions are observed in nature. Therefore some unique characteristic of fourdimensional manifolds must be involved in explaining this mismatch of dimensions.
In Section 2 we state the main results of the paper. Section 3 gives the proofs relating to the reducibility of the holonomy group for d ^ 4. Section 4 provides proof of the existence of connections with irreducible holonomy in the presence of parallel metrics for d 7^ 4. The final section deals with four-dimensional manifolds.
The problem of non-uniqueness of parallel metrics, largely for Lorentzian connections, has been investigated by several authors [3, 4, 6, 7] .
STATEMENT OF RESULTS
Let V be a vector space over a field F, which will be either R or C. Let G be a group which acts on V on the left. A subspace W of V is said to be G-invariant if g-£ 6 W, for all g 6 G and £ 6 W. If there exists a proper, non-trivial G-invariant subspace of V we say that G acts reducibly on V, or more simply, that G is reducible. In our applications, G shall be a subgroup of Aut(V), the group of linear automorphisms of V. The holonomy [3] Parallel metrics and reducibility 47 group * ( i ) of a linear connection V on a connected manifold M, at x € M, is a subgroup of Aut(TzM). For any two points x,y € M, the holonomy groups \&(x) and ty(y) are isomorphic, since M is connected. If for some point (and hence all points) x € M, ^(x) is reducible (respectively, irreducible) then we say that the connection V has reducible (respectively, irreducible) holonomy.
We begin with a theorem that provides sufficient conditions, with regard to the existence of parallel semi-Riemannian metrics, to ensure the reducibility of the holonomy group of the connection. V shall always denote an n-dimensional vector space. If n is even then we set n = 2m and if m is even we set m = 2r. When n is even, K and L shall always denote the matrices in GL(n; R) defined by Let 771 and % be two independent, symmetric, non-degenerate bilinear forms on V and let 771 have signature (p, q). Let Q be a subgroup of the automorphism group of V whose elements preserve 771 and 772: fl'fo) = 77;, for all g £ Q and i - where D\ and £> 2 are diagonal matrices. The equation Let P,Q £ O(m; R) be the permutation matrices defined as follows. The j i h column of a matrix M will be denoted by M,. Set :=A + iB is a group monomorphism. Observe that 0('F) = t <f>{F), for all F € !F, where the bar denotes complex conjugation. Let Q be any subgroup of T. We denote by Qc the subgroup <f>(Q) of GL(m; C). <f>: Q -> Gc is a group isomorphism.
The following three lemmas may be proved. [13]
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where P and 5 are symmetric and Q and T are skew-symmetric. Q may be identified with a subgroup H of GL(n; R) whose elements H satisfy 3. D We are now able to demonstrate the existence of connections with irreducible holonomy that have two independent, parallel semi-Riemannian metrics. Let 9 be a generic nx n matrix of 1-forms on R" that takes its values in h,,, the Lie algebra of ~H n -Define the connection V on R n by
1=1
where X{ denotes the vector field d/dx\ for 1 ^ i ^ n. The curvature form with respect to the moving frame (Xi,..., X n ) is given by 0 = d9 + 9 A 9. Owing to the genericity of 9, the Lie algebra of the infinitesimal holonomy group of V, at each x € R 11 , is b^,. Therefore the infinitesimal holonomy group of V at x contains a subgroup isomorphic to V.°n and so acts irreducibly on TxR", by Corollary 4.1.4.
Let 51 and g 2 be, respectively, the metrics on R" represented by K and L with respect to the moving frame (X\,...,X n ).
We have 
LEMMA 4 . 2 . 1 . Let % be a Lie subgroup of GL{m; C) and let h be the corresponding Lie algebra. 7i and h act on CJj on the left. IfW is an H-invariant subspace ofC% then it is also h-invariant.
Let {0} / W C C% be a ^-invariant subspace (over R). By Lemma 4.2.1, W is also g m -invariant. Using Proposition 4.1.3 and the form for elements of Q m and g m given above one can demonstrate the following lemma. (1) £»,« = a»,t(e» + e t ), for some a t>t € C. We have shown that He is a subgroup of SO(2;R). By Lemma 5.1.1, H c acts reducibly on C R . By Lemma 3.3.2, H acts reducibly on R 4 contradicting the assumption that Q acts irreducibly on V. We have shown the following corollary.
T H R E E SYMMETRIC BILINEAR FORMS
COROLLARY 5 . 2 . 1 . Let T]I, % and r) 3 be three independent, symmetric bilinear forms on V of signature (2, 2) . Let Q be a subgroup of Aut(V) which preserves %, % and 773. Then Q acts reducibly on V. 
